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ACHIEVABLE TRANSVERSE CYLINDRICAL ELECTROMAGNETIC
MODE
R. CHEN(1) AND X. LI(2)
Abstract. The system of Maxwell equations with an initial condition in a vacuum
is solved in a cylindrical coordinate system. It derives the cylindrical transverse elec-
tromagnetic wave mode in which the electric field and magnetic field are not in phase.
Such electromagnetic wave can generate and exist in actual application, and there
is no violation of the law of conservation of energy during the electromagnetic field
interchanges.
1. Introduction
The general solutions of Maxwell equations [1, 2] contain unnumbered forms of wave
modes in both magnetic field and electric field, but only the special solutions that obey
its initial or boundary conditions can describe the achievable electromagnetic wave.
However, classical theories discuss time-harmonic transverse electromagnetic waves
without verifying whether initial conditions are achieved, but usually predefine the forms
of the solutions to the Maxwell equations [3, 4, 5, 6] by adopting the plural expressions,
E (r, t) = E (r) eiωt and B (r, t) = B (r) eiωt. Consequently, the electric field and mag-
netic field of the time-harmonic electromagnetic wave obtained above are in-phase ev-
erywhere. These electromagnetic modes may form an initial-moment crisis and violate
the conservation of energy during the electric and magnetic fields interchanges to each
other. We note that the acknowledged results achieved by some previous authors [7]
are actually derived from the above predefined plural expressions of the solutions of the
Maxwell equations. In classical theory of electromagnetic wave, the substantial existence
of electromagnetic waves is given little attention to [8], because both the propagation
and reception of electromagnetic waves are independent of their respective phase differ-
ences actually. There were no immediate details about whether one can design and run
an experiment to test if it exists for the electromagnetic wave in which the electronic
field and magnetic field in phase. However, a physical theory must always guarantee the
consistency of its mathematical deductions. This is just why we restudy the problem of
initial value for the Maxwell equations. According to the theory of differential equations,
solutions of Maxwell equations should not violate natural initial and boundary conditions
[9, 10]. Even if an excited source and the consequent radiation of the electromagnetic
waves change according to pure oscillations by the same frequency, the generated electric
fields and magnetic fields cannot be in same phase with each other, otherwise the energy
conservation law would be violated.
We solved the problem of initial value for the plane transverse electromagnetic mode
[11]. It shows that the classical plane electromagnetic wave may be unable to produce
practically, but this conclusion does not have an effect on the general application of
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electromagnetic waves [12, 13, 14, 15, 16]. Unlike the classical plane electromagnetic
wave modes, if the time harmonic wave propagates along the positive direction of x-axis,
the solutions of the Maxwell equations that accord with an initial value condition in a
vacuum would be the following forms [11]
(1)
E = eyEm sinω
(
t− x
c
)
B = ez
Em
c
[
sin ωx
c
+ sinω
(
t− x
c
)]
or
(2)
E = eyEm cosω
(
t− x
c
)
B = ez
Em
c
[
cosω
(
t− x
c
)
− cos ωx
c
]
the wave modes obtained above meet with explicit physical meanings.
Here we follow the work that derives the equations (1) and (2) to discuss the problem of
initial value for the cylindrical transverse electromagnetic mode. We obtain the solutions
of Maxwell equations with a sort of initial condition in a cylindrical coordinate system. Its
electric field and magnetic field are of axial symmetry, with electric field vectors pointing
to the radical direction of the coaxial cylinder and magnetic field vectors to the tangential
direction. It is similar to the conclusion upon the plane transverse electromagnetic mode,
which is practically able to produce and exist. That is, the magnetic field and electric
field of the cylindrical transverse electromagnetic wave are in different phase, and their
amplitude ratio depends on the coordinate of space as well.
2. Initial conditions of time-harmonic Cylindrical Transverse waves
In solving simultaneous differential equations, definite conditions, including initial
conditions and boundary conditions, are required to be determined [17]. If the space
is infinite, then we only need to consider the initial condition. In fact, since the initial
moment can be selected at random, the initial condition of the Maxwell equations does
exist in any situation. The coaxial transmission of electromagnetic waves in hollow
conductors and core wires is presented in Figure 1.1. The radius of the wire is R1, and
that of the hollow conductor is R2. In a vacuum, if the wire and the hollow conductor are
having the same amount of positive and negative charge (the electric quantity per unit
length along the axes on surface is λm), then the electrostatic field inside the conductor
can be written as
(3) E =
λm
2piε0r
er
where R1 ≤ r ≤ R2. Among which er is radical unit vector, and ris the distance from a
certain point in the coaxial transmission line to the axis.
Figure 1. Cylindrical transverse electromagnetic wave inside the coaxial transmission line
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When the left side of the conductor is connected to a periodically changing power
supply, the distribution of charges thus varies and propagates towards right, which forms
electric field waves transmitting along the positive direction of z, vertical to the direction
of the electric field. If we have the apart of the hollow conductor with the wire very
close, and the electric field steadily distributed, then, based on the distribution formula
of electrostatic field (3), the formula of the electric field wave in a vacuum can also be
determined.
(4)
E = er
λm
2piε0r
f (z, t)
E (t = 0) = 0
E (z = 0) = er
λm
2piε0r
f (t)
B (t = 0) = 0
where f (z, t) may be simple harmonic, which is determined by the charge distribution
on the surface of conductor. If the excitation sources is an alternating currents of high
frequency, which the oscillation current changes according sine function, then the cor-
responding wave mode with the initial and boundary conditions in a vacuum will be
expressed by plural expressions
(5)
E = er
λm
2piε0r
eiω(t−
z
c
)
E (t = 0) = 0
E (z = 0) = er
λm
2piε0r
eiωt
B (t = 0) = 0
At the initial moment, the electric field within the transmission wire is zero, and hence
the magnetic field is zero as well, which build up the initial conditions.
3. General solutions of Maxwell equations in cylindrical coordinate
system
Periodically changing electric fields generate periodically changing magnetic fields, and
the correspondingly generated electromagnetic wave propagates at the speed of light in
vacuum. The expressions of the electric field and the magnetic field satisfy Maxwell
equations
(6)
∇×E = −∂B
∂t
∇×B = 1
c2
∂E
∂t
∇ ·E = 0
∇ ·B = 0
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Since the problem is axially symmetric, in cylindrical coordinate system [18], the simul-
taneous equation (6) can be written as [19]
(7)
er
(
1
r
∂Ez
∂θ
−
∂Eθ
∂z
)
+ ez
[
1
r
∂
∂ r
(rEθ)−
1
r
∂Er
∂θ
]
+ eθ
(
∂Er
∂z
−
∂Ez
∂ r
)
= −
∂B
∂ t
er
(
1
r
∂Bz
∂θ
−
∂Bθ
∂z
)
+ ez
[
1
r
∂
∂ r
(rBθ)−
1
r
∂Br
∂θ
]
+ eθ
(
∂Br
∂z
−
∂Bz
∂ r
)
=
1
c2
∂E
∂ t
1
r
∂
∂ r
(rEr) +
1
r
∂Eθ
∂θ
+
∂Ez
∂z
= 0
1
r
∂
∂ r
(rBr) +
1
r
∂Bθ
∂θ
+
∂Bz
∂z
= 0
As to electric mode (4), since Er = Er (r, z, t) , Eθ = 0andEz = 0, simultaneous equations
(7) can be rewritten as
(8)
eθ
∂Er
∂z
= −er
∂Br
∂ t
− eθ
∂Bθ
∂ t
− ez
∂Bz
∂ t
er
(
1
r
∂Bz
∂θ
−
∂Bθ
∂z
)
+ ez
[
1
r
∂
∂ r
(rBθ)−
1
r
∂Br
∂θ
]
+ eθ
(
∂Br
∂z
−
∂Bz
∂ r
)
= er
1
c2
∂Er
∂ t
1
r
∂
∂ r
(rEr) = 0
1
r
∂
∂ r
(rBr) +
1
r
∂Bθ
∂θ
+
∂Bz
∂z
= 0
According to the third equation above, the electric field satisfies the equation rEr =
g (z, t), so that
(9) Er =
g (z, t)
r
The result is in accordance with that deduced by (4), which means the third equation
of (8) is valid. Because that both sides of the equation are correspondingly equal to each
other, so that the other three equations can be transformed into
(10)
∂Br
∂ t
= 0;
∂Bz
∂ t
= 0;
∂Bθ
∂ t
= −
∂Er
∂z
1
r
∂Bz
∂θ
−
∂Bθ
∂z
=
1
c2
∂Er
∂ t
;
∂Br
∂z
−
∂Bz
∂ r
= 0
1
r
∂
∂ r
(rBθ)−
1
r
∂Br
∂θ
= 0
1
r
∂
∂ r
(rBr) +
1
r
∂Bθ
∂θ
+
∂Bz
∂z
= 0
According to the first three equations above, we get
(11)
Br = Br (r, θ, z)
Bz = Bz (r, θ, z)
Bθ = −
∫
∂Er
∂z
dt+ a (r, θ, z)
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This result will certainly satisfy the last two equations of (10). Consequently, the mag-
netic field can be written as
(12) B = erBr (r, θ, z) + eθ
[
−
∫
∂Er
∂z
dt+ a (r, θ, z)
]
+ ezBz (r, θ, z)
By using the initial condition B (t = 0) = 0, we get
(13) Br (r, θ, z) = 0; Bz (r, θ, z) = 0
Therefore,
(14) B = eθ
[
−
∫
∂Er
∂z
dt+ a (r, θ, z)
]
On the other hand, by the use of (13), and the integration of the first equation on the
second line of (10), we get
(15) B = eθ
[
−
∫
1
c2
∂Er
∂ t
dz + b (r, θ, t)
]
Based on (4) and (14), the general equation of cylindrical electromagnetic mode can be
written as
(16)
E = er
λm
2piε0r
f (z, t)
B = eθ
[
−
∫
∂Er
∂z
dt+ a (r, θ, z)
]
B (t = 0) = 0
or
(17)
E = er
λm
2piε0r
f (z, t)
B = eθ
[
−
∫
1
c2
∂Er
∂ t
dz + b (r, θ, t)
]
B (t = 0) = 0
(16) and (17) are equivalent to each other. In a vacuum, they are both general solutions
of the Maxwell equations, where the magnetic field provoked by a radical electric field.
4. Time-harmonic Cylindrical Transverse Electromagnetic Mode
On the basis of (16) or (17), the expression of magnetic field can be acquired by
knowing the expression of electric field. By inserting (5) into (16), we get
(18)
E = er
λm
2piε0r
eiω(t−
z
c
)
B = eθ
[
−
∫
∂Er
∂z
dt+ a (r, θ, z)
]
B (t = 0) = 0
According to the first equation, we get
(19)
∂Er
∂z
= −
iω
c
λm
2piε0r
eiω(t−
z
c
)
By inserting (19) into the second equation in (18), and then integrating it, we get
(20) B = eθ
[
1
c
λm
2piε0r
eiω(t−
z
c
) + a (r, θ, z)
]
Using the initial conditions of (18), the undetermined function can be confirmed
(21) a (r, θ, z) = −
1
c
λm
2piε0r
e−iω
z
c
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After substituting the function into (20), we further obtain
(22) B = eθ
λm
2picε0r
[
eiω(t−
z
c
) − e−iω
z
c
]
Therefore, (18) can be transformed into
(23)
E = er
λm
2piε0r
eiω(t−
z
c
)
B = eθ
λm
2picε0r
[
eiω(t−
z
c
) − e−iω
z
c
]
So we have the expressions of electromagnetic waves (23) in a vacuum satisfying every
single component equation of Maxwell (10), and hence satisfying Maxwell equations.
The expression (23) is a particular solution of Maxwell’s equations that accord with
initial conditions. It represents a kind of existing transverse cylindrical time-harmonic
electromagnetic wave mode. We obtain the electromagnetic wave mode generated by
sinusoidal electric wave by using the imaginary part of (23).
(24)
E = er
λm
2piε0r
sinω
(
t− z
c
)
B = eθ
λm
2picε0r
[
sinω
(
t− z
c
)
+ sin ω z
c
]
By inserting the real part of (23), the electromagnetic wave generated by cosine electric
wave can be obtained
(25)
E = er
λm
2piε0r
cosω
(
t− z
c
)
B = eθ
ωλm
2picε0r
[
cosω
(
t− z
c
)
− cos ω z
c
]
5. Conclusions
From Maxwell’ theory, if the electric field in space changes, the magnetic field at the
same place would change and these changing electric field and magnetic field will generate
new changing electric field and magnetic field in farther space. Consequently, the changed
electric field and magnetic field are not confined to a region but propagate from near site
to farther places. The propagation of electromagnetic field forms electromagnetic waves.
The characteristics of the electromagnetic wave are actually described by the solutions
[20, 21, 22] of the Maxwell equations. The electromagnetic wave is a transverse wave,
which is just determined by the transverse wave conditions of the Maxwell equations,
∇ ·E = 0 and ∇ ·B = 0.
Since the classical theory first preconcerts the forms of solutions before solving the
Maxwell equations, the obtained transverse electromagnetic wave mode shows a most in-
credible characteristic that the electric field and magnetic field are in phase everywhere.
Now that the periodic changing electric field generate periodic changing magnetic field,
the process of the transmission of an electromagnetic wave is that of energy radiation,
and the electromagnetic energy is transmitted with the electromagnetic waves. If the
maximum or minimum value of electric field and magnetic field in an electromagnetic
wave are always obtained simultaneously, how do the electric energy and magnetic en-
ergy interchange? Consequently, we conclude that the classical electromagnetic wave in
which the electric field and magnetic field are in phase everywhere violates the law of
conservation of energy.
We strive to maintain the conclusions of classical theory, but the initial condition of
Maxwell equations has always been there. We wish to know the solutions of the Maxwell
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equations with a certain initial condition. The cylindrical transverse electromagnetic
wave modes in a vacuum are hence derived. It can be determined that, with the solutions
of Maxwell equations obtained under initial values, the existing electric field vector and
magnetic field vector, the velocity vector of the plane or cylindrical electromagnetic
wave are vertical to one another. Nevertheless, the amplitude ratio of electric field and
magnetic field is not constant in space, and their phase difference changes as well, so
that they do not reach maximum or zero simultaneously.
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